In order to investigate dynamical symmetry breaking, we study Nambu·Jona-Lasinio model in the large-N limit in the stochastic quantization method. Here in order to solve Langevin equation, we impose specified initial conditions and construct "effective Langevin equation" in the large-N limit and give the same non-perturbative results as path-integral approach gives. Moreover we discuss stability of vacuum by means of "effective potential".
Introduction
The stochastic quantization method (SQM) was first proposed by Parisi and Wu as an alternative quantization method.
[1] [2] They showed that this method can be applied to gauge theories without the gauge fixing procedure, i.e. without FaddeevPopov ghost fields. In spite of introducing no ghost field, this method produces the same contribution as the path-integral method gives. This is also confirmed perturbatively for Yang-Mills fields [3] and recently for non-Abelian anti-symmetric tensor fields. [4] Recently, dynamical symmetry breaking has been studied in SQM. [6] Their main tool for investigation is the stochastic generating functional from which effective potential is derived. On the contrary, the Langevin equation, which is very useful in perturbative calculation, has lost its position because dynamical symmetry breaking appears as a non-perturbative phenomenon. Nevertheless if we can use it even for non-perturbative calculation, we may expect that computations will become easier and the relation between perturbative and non-perturbative phenomena will become clearer. For this purpose, in the previous paper [7] we introduced the "effective Langevin equation" for the two-dimensional non-linear σ model in the large-N limit and gave the same results as the path-integral approach gave.
This effective Langevin equation, which is constructed in the large-N limit from the ordinary Langevin equation, is a powerful tool for non-perturbative calculation.
In this paper we introduce an assumption and impose initial conditions in order to solve the effective Langevin equation and apply this effective Langevin equation to Nambu·Jona-Lasinio model [8] in the large-N limit and show that this approach gives the same results as the path-integral approach gives.
[5]
Moreover we discuss stability of vacuum by using "effective potential". This effective potential is constructed at any fictitious time and coincides with one given in the path-integral method in the large-N limit. Of course, we obtain the same masses as the effective potential in the path-integral method gives.
This paper is organized as follows. In section 2, we derive the effective Langevin equation for Nambu·Jona-Lasinio model and in order to show coincidence with other methods, we calculate the scalar and pseudoscalar propagators. In section
Effective Langevin Equation
We derive "effective Langevin equation" in this section. By using this equation, we show later that non-perturbative results are obtained. At first, the classical Euclidean action for Nambu · Jona-Lasinio model [8] in four dimensions is
where σ and π are auxiliary fields and M is a mass scale which is introduced due to make the coupling constant g dimensionless. This action is invariant under global transformation
Using the action, we get the Langevin equations [10] 
where α, β are spinor indices and K αβ is a kernel which is introduced for the sake of convergence of solutions in the equilibrium limit. White noise fields η, η, ζ and ξ are defined to satisfy the following correlations
These Langevin equations and noise correlations are invariant under eq.(2.2) and
By using above Langevin equations, we obtain the integral equations
where ψ i (x, 0), ψ i (x, 0), π(x, 0) and σ(x, 0) are initial values for the corresponding fields at t = 0 . These equations can be solved iteratively and solutions can be represented graphically as
where we denote e ∂ 2 (t−τ ) in (2.8) and/or (2.9) by a solid line, e −N M 2 (t−τ ) in (2.10)
by a wavy line, e −N M 2 (t−τ ) in (2.11) by a dotted line, η(≡ η
Here L f is the number of fermion loops, P σ is the number of σ propagators and P π is the number of π propagators. Moreover from Fig.1 , it turns out that there is η or η in each edge of fermion line of vertices. For a stochastic diagram with n external fermion lines, we obtain the following relation (see Fig.2 ).
where C η (C η ) expresses the number of η 1 (η 1 ) and η 2 (η 2 ) and in Fig.2 we denote ηη by a box with cross. Therefore
So in the large-N limit, we should consider only the stochastic diagrams which have the relation
Therefore in the large N limit, we should consider only the following stochastic diagrams.
F ig.3
Hereafter, we shall confine ourselves to the large-N limit. From Fig.3 , it turns out that we may exchange the field σ for its expectation value σ c ≡ σ , which is independent of x, in the Langevin equation. Likewise we may exchange the field π for zero when we choose π = 0 at any fictitious time by means of the symmetry (2.2) and (2.7). After these exchanges, we obtain the "effective Langevin equations"
and if ∂ t σ c (t) = 0, solutions of these equations in momentum space are obtained as
We use these effective Langevin equations later, but we should comment in justification of the assumption ∂ t σ c (t) = 0 at first.
Because the fictitious time dependence of σ is described by eq.(2.11), we calculate the expectation value of eq.(2.11)
We substitute eq.(2.13) into eq.(2.14), then we obtain
(2.15) Performing the τ integration and taking account of large NM 2 , this equation
16) where we assume
From (2.16), we obtain ∂ t σ(x, t) = 0 if we choose the initial values as σ(
e., we choose the σ c as solution of the following equation
The contribution of the initial values is disappeared in the large-N limit, so we may choose them above. Therefore the assumption ∂ t σ c = 0 is consistent with the Langevin equations under the initial condition (2.17) and (2.18).
Here we define the "effective potential" U ef f as
and obtain the effective potential
(3.4)
where we omit an integrating constant. This is the same one as ordinary effective potential. If g 2 < 4π 2 , perturbative vacuum σ c = 0 is stable. On the other hand, if g 2 > 4π 2 , perturbative vacuum σ c = 0 is unstable and non-perturbative vacuum σ c = 0, which is determined by the gap equation, is stable (see Fig.4 ).
F ig.4
Finally, we comment about masses. Using M 2 ≫ 1 and (2.20), inverse of π propagator is obtained as
where Z is a renormalization constant 
Summary
We give the method for non-perturbative study in SQM in this paper. We If we can solve the Langevin equation (2.12) under another assumption than ∂ t σ c = 0, we can construct the fictitious time dependent effective potential and expect that symmmetry is restored at small fictitious time and broken at large fictious time, i.e., symmetry breaks down spontaneously as the fictitious time grows. In this case we want to regard the fictitious time as the inverse of temperature, but this is a further problem.
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